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Abstract

In this study, we attempt to obtain higher-order solutions of the means and (co)variances of hydraulic head for
saturated flow in randomly heterogeneous porous media on the basis of the combination of Karhunen-Loeve de-
composition, polynomial expansion, and perturbation methods. We first decompose the log hydraulic conductivity
Y = InK; as an infinite series on the basis of a set of orthogonal Gaussian standard random variables {&;}. The co-
efficients of the series are related to eigenvalues and eigenfunctions of the covariance function of log hydraulic con-
ductivity. We then write head as an infinite series whose terms 4 represent head of nth order in terms of oy, the
standard deviation of Y, and derive a set of recursive equations for 4. We then decompose 4" with polynomial
expansions in terms of the products of » Gaussian random variables. The coefficients in these series are determined by
substituting decompositions of ¥ and 4 into those recursive equations. We solve the mean head up to fourth-order in
oy and the head variances up to third-order in 2. We conduct Monte Carlo (MC) simulation and compare MC results
against approximations of different orders from the moment-equation approach based on Karhunen-Loeve decom-
position (KLME). We also explore the validity of the KLME approach for different degrees of medium variability and
various correlation scales. It is evident that the KLME approach with higher-order corrections is superior to the
conventional first-order approximations and is computationally more efficient than the Monte Carlo simulation.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Owing to heterogeneity of geological formations and incomplete knowledge of medium properties, the
medium properties may be treated as random space functions and the equations describing flow and
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transport in these formations become stochastic. Stochastic approaches to flow and transport in hetero-
geneous porous media have been extensively studied in the last two decades, and many stochastic models
have been developed [3,5,6,30].

Monte Carlo (MC) simulation is a conceptually straightforward method for solving these stochastic
partial differential equations. It entails generating a large number of equally likely random realizations of
the parameter fields, solving deterministic flow and transport equations for each realization, and averaging
the results over all realizations to obtain sample moments of the solution. This approach has the advantages
of applying to a broad range of both linear and nonlinear flow and transport problems. But, it also has a
number of potential drawbacks [15,26]. A major disadvantage of the Monte Carlo method, among others,
is the requirement for large computational effort. To properly resolve high frequency space-time fluctua-
tions in random parameters, it is necessary to employ fine numerical grids in space-time. Therefore,
computational effort for each realization is usually large, especially if both physical and chemical hetero-
geneities, as well as uncertainties in initial and boundary conditions, are considered. To ensure the con-
vergence of the sample output moments to their theoretical ensemble values, a large number of realizations
are often required (typically a few thousand realizations, depending on the degree of medium heteroge-
neity), which poses a significant computational burden.

An alternative to Monte Carlo simulations is the approach based on moment equations, the essence of
which is to derive a system of deterministic partial differential equations governing the statistical moments
of the flow and transport quantities (usually the first two moments, mean and covariance), and then solve
them analytically or numerically [1,4,5,7,14-17,21,22,24,27,29,30].

The moment equations are usually derived with the method of perturbation. In the perturbation-based
approach, the medium properties, such as log hydraulic conductivity Y, can be written as ¥ = (¥) + ¥/, and
similarly the dependent variables, such as hydraulic head A, can be decomposed as h = (h) + #'. After
substituting these decompositions into the original stochastic equations with some mathematical manip-
ulation one obtains equations for mean head and head perturbation. The mean equation cannot be solved
directly because it contains some cross-covariance functions between head and medium properties, such as
(Y'W). The equation for (Y'4’) in turn will involve some third-order terms. One can either write an implicit
equation for the head perturbation or equivalently express it explicitly as integrals whose integrands
contain Green’s function and other higher-order cross-covariance terms. The head covariance equation is
then formulated from the equation for head perturbation.

Similarly, one can expand hydraulic head as an infinite series in terms of the standard deviation of the
medium property. More specifically, for saturated flow as considered in this study, head is expanded as an
infinite series 7 =) - A" in terms of gy, the standard deviation of the log hydraulic conductivity.
Substituting the decomposition into the original equations yields a series of recursive equations in which the
equation for A" involves lower order terms 42, i = 1,2, ..., n — 1. In most existing models, the mean head
is approximated up to second-order in gy, and the head (co)variance is approximated up to first-order in o3,
ie., Ci(x,y) = (hV(x)A(y)). In computing the head covariance up to first-order in g2, one needs to solve
deterministic equations that are similar to the original equation about 2N times (N being the number of grid
nodes): N times for solving Cy, and about N time for C,,. Including higher-order terms is possible, but it will
increase the computational effort dramatically.

Though in many cases this approach works quite well for relatively large variations in the medium
properties [18,20,26,32], this approach in general is restricted to small variabilities of medium properties.

In this study, we attempt to obtain higher-order terms of the mean and variance of head based on the
combination of Karhunen-Loeve decomposition and perturbation methods. The application of Karhunen—
Loeve decomposition to solving stochastic boundary value problems has been pioneered by Ghanem and
his coauthors [8-13,25] and further developed by Xiu and Karniadakis [28]. The essence of their technique
includes discretizing the independent random process (e.g., log hydraulic conductivity) using Karhunen—
Loeve expansion and representing the dependent stochastic process (hydraulic head or concentration) using
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the polynomial chaos basis. The deterministic coefficients of the dependent process in the polynomial chaos
expansion are governed by a set of coupled equations and calculated via a weighted residual procedure.
Roy and Grilli [23] combined the Karhunen-Logve decomposition and the perturbation methods to solve
the steady state flow equation and obtained the mean head to first-order in oy and the head variance to
first-order in 3. In this study, we aim to derive and evaluate higher-order approximations for the mean and
(co)variance of head. Specifically, with the combination of Karhunen-Lo¢ve decomposition and pertur-
bation methods we evaluate the mean head up to fourth-order in oy and the head variances up to third-
order in ¢3. We also explore the validity of this approach for different degrees of medium variability and
various correlation scales through comparisons against Monte Carlo simulations.

2. Stochastic differential equations

We consider transient water flow in saturated media satisfying the following continuity equation and
Darcy’s law:

Oh(x,t
S; (at’ ) + V- q(x,1) = g(x,1), (1)
q(X, t) = _KS(X)Vh(Xa t)v (2)
subject to initial and boundary conditions
h(x,0) = Hy(x), x €D, (3)
h(x,t) = H(x,t), X€Ip, 4)
q(X7 t) . H(X) = Q(Xv t)? x € I'n, (5)

where q is the specific discharge (flux), /(x, ¢) is hydraulic head, Hy(x) is the initial head in the domain D,
H(x,t) is the prescribed head on Dirichlet boundary segments I'p, O(x, ) is the prescribed flux across
Neumann boundary segments I'y, n(x) = (ny, ... 7nd)T is an outward unit vector normal to the boundary
I' =T'p UT'y, and S; is the specific storage.

In this study, we treat K;(x) as a random function. Thus, Egs. (1)—(5) become stochastic partial dif-
ferential equations, whose solutions are no longer deterministic values but probability distributions or
related statistical moments.

3. KL decomposition of log hydraulic conductivity
Let Y(x,®) = In[K,(x, w)] be a random process, where x € D and w € Q (a probability space). Because

the covariance function Cy(x,y) = (¥Y'(x,®)Y(y, w)) is bounded, symmetric, and positive definite, it can be
decomposed into [2]

Crxy) =3 fs ). (6)

where /4, and f,(x) are called eigenvalues and eigenfunctions, respectively, and f,(x) are orthogonal and
deterministic functions that form a complete set [19]



776 D. Zhang, Z. Lu | Journal of Computational Physics 194 (2004) 773794

/fn(x)fm(x)dx =0, n,mz=1 (7

The mean-removed stochastic process Y'(x, ) can be expanded in terms of f,(x) as

V(x,0) = 3 & (@) infu(®) (8)

n=1

where &,(w) are orthogonal Gaussian random variables with zero mean, ie., (£, (w)) =0, and
(¢,(0)E,(w)) = dum. The expansion in Eq. (8) is called the Karhunen-Loeve expansion. It can be verified
that the covariance of Y'(x, ) defined in (8) is indeed Cy. For convenience, thereafter, we suppress symbol
o in Y'(x, ) and in other dependent functions.

Eigenvalues and eigenfunctions of a covariance function Cy(x,y) can be solved from the following
Fredholm equation:

/D Cy (%, y)f (X)dx = Af(y). )

For some special types of covariance functions, 4, and f,(x) can be found analytically, as shown in Ap-
pendix A for a one-dimensional stochastic process with a covariance function Cy(x;,y;) = o3 exp(—|x;
—|/n), where ¢ and 5 are the variance and the correlation length of the process, respectively. For this
case, the eigenvalues and their corresponding eigenfunctions can be expressed as

2
n = ,723:75?_ 1 (10)
and
1 .
1(8) = e iy c08() + ), (11)
where w, are positive roots of the characteristic equation
(n*w* — 1) sin(wL) = 2nwcos(wL). (12)

Eq. (12) has infinite number of positive roots. Sorting these roots w, in an increasing order, which yields a
monotonically decreasing series of 4,. From Eq. (6) or (8) we have O'Y > Aaf2(X). Integrating this
equation yields Do = Y7, 1,, where D is a measure of the domain size (length area, or volume for 1D,
2D, or 3D domain, respectively), which means that the total variance 3 is decomposed into an infinite
summation of eigenvalues /,,.

For problems in multidimension, if we assume that the covariance function Cy(X,y) is separable, for
example, Cy(X,y) = a3 exp(—|x; —n|/n — |xa — »|/n,) for a rectangular domain D = {(x,x;) : 0 <x;
< L1 ,0<x, <Ly}, Eq. (9) can be solved 1ndependent1y for x; and x, directions to obtain eigenvalues A< ) and

( , and eigenfunctions £V (x;) and f?(x,). These eigenvalues and eigenfunctions are then comblned to
form eigenvalues and eigenfunctions of Cy:

4”/1’1202y
= : 13
v ) + 13 (w?)* + 1] (13)

fo(®) = fulor,xa) = £ (0) £ (x2), (14)
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where wf-l) and wj(-z) are two series of positive roots of (12) using parameters (L, #,) and (L,, ,), respectively.
Here we assume that indices i and j are mapping to index #» in such a way that /, form a series whose terms
are nonincreasing. From Eq. (12) it is noted that its solutions w, ~ nrt/L for large n, which means that 4,
defined in (10) decreases at a rate of 1/n* and thus /, defined in (13) for two-dimensional problems decrease
at a rate of 1/(i*/%). The convergence of series > -, 1/n* ensures the convergence of infinity series in Eq.
(6). Thus Y’ can be approximated by a finite number of terms in Eq. (8).

Eq. (8) provides an alternative way for random field generation. Once eigenvalues A, and their corre-
sponding eigenfunctions f, are found, a realization can be computed simply by independently sampling a
certain number of values z, from the standard Gaussian distribution N (0, 1) and then computing >V  z,
V2ufn(X), where N is the number of terms needed to generate realizations with a given accuracy. The number
N depends on the ratio of correlation length to the domain size. This will be discussed further in Section 6.

Since eigenvalues /7, and their eigenfunctions f,(x) always come together, in the following derivation,
we define new functions f,(x) = v/Z.f,(x) and the tilde over f, is dropped for simplicity.

4. KL-based moment equations

For simplicity, in this study we assume that all initial and boundary conditions are deterministic. We
assume that the hydraulic conductivity K(x) follows a log normal distribution, and work with the log-
transformed variable Y (x) = In(K(x)) = (¥(x)) + Y'(x). The mean log saturated hydraulic conductivity
(Y (x)) represents a relatively smooth unbiased estimate of the unknown random function ¥ (x). It may be
estimated using standard geostatistical methods, such as kriging, which produce unbiased estimates that
honor measurements and provide uncertainty measures for these estimates. Here we assume that the log
saturated hydraulic conductivity field may be conditioned on some measurement points, which means that
the field may be statistically inhomogeneous. In this case, the two-point covariance function Cy(x,y) de-
pends on the actual locations of two points x and y rather than their separation distance, and therefore, the
eigenvalues and eigenfunctions of Cy(x,y), in general, have to be solved numerically.

Because the variability of %(x,#) depends on the input variabilities, i.e., variability of Y(x), one may
express A(x,t) as an infinite series as A(x,?) = & + 21 + 1@ 4 ... In this series, the order of each term is
with respect to oy, the standard deviation of Y (x). After combining (1) and (2), substituting expansions of
h(x,t) and Y(x), and collecting terms at separate order, one can obtain the following equations with initial
and boundary conditions that govern the hydraulic head at different order in ay:

g(x,t) S 9" (x,1)

VhO (x, 1) + V(Y (x)) - VA (x, 1) = o) TR (15)
h%(x,0) = Hy(x), x €D, (16)
hO(x,t) = H(x,t), xé&TIp, (17)
VA9 (x,1) -n(x) = —0(x,1)/Ks(x), x € Iy, (18)
and for m > 1,
27 (m) R T R ot Gl DA PN /Ll 0 31) ey

V™ (x, 1) + V(Y (x)) - VA™ (X, 1) Kox) 2= A [Y'(x)] 5 VY'(x)

VA (x,1) — & [—Y'(x)]", (19)
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™ (x,0) =0, xeD, (20)
K™ (x,t) =0, x&TIp, (21)
Vi) nx) =~ SED Ly xe r (22)

We assume that 4(V(x,?) can be expanded with the following polynomial expansion in terms of the or-
thogonal Gaussian random variables &,, n =1,2,...,

00

KO (x,6) = &hN(x,1), (23)

n=1

where h(V(x,), n = 1,2,..., are deterministic functions to be determined. There are two ways to determine
hV(x, ¢). Multiplying &, to Eq. (23) and taking expectation yields A" (x, ) = (¢,hV(x, ¢)), which means that
hV(x, ) can be determined simply by multiplying &, to Eqgs. (19)-(22) with m = 1, taking their expectation,
and then solving for (£,hV(x,¢)). Alternatively, substituting Eq. (23) and the expansion of ¥’(x) into Egs.
(19)-(22) with m = 1 yields an infinite series in terms of &,, whose summation equals to zero. For example,
Eq. (19) becomes

= Sy, [ onD(x,1) ohO(x, t)
27(1) Rv 0 = n R A
>4 [v Y 05o0) V() VY ,0) = s ( e )
t)
LX) - VAO(x) — £ nx}:O. 24
1(3) - O ) = E ) (24)
Because of orthogonality of set &,, n = 1,2, ... all coefficients of this infinite series have to be zero, which

leads to equations with initial and boundary conditions for A" (x, 7):

VA0 + V) - TR ) = o [H B0 g D)

= A THO) + 5 ), 5)
D (x,0)=0, xeD, (26)
MV(x,t) =0, xé€Ip, (27)
Vi1 nx) = 250 £ xery. (28)

KG (X)

Recalling the definition of f,(x), it is seen that all driving terms in Egs. (25)~(28) are proportional to v/Z,,
which decreases monotonically as n increases. This ensures that the magnitude of contribution of A" (x, ?)
to AV (x, 1) decreases with n in general. This also clearly indicates that 4" (x, ) are proportional to gy, the
standard deviation of log hydraulic conductivity.

To expand h?)(x,t), we notice that by multiplying &, to Egs. (19)-(22) of m = 2 and taking ensemble
mean yields an equation with initial and boundary conditions for (£,4?(x,)) that leads to the solution
(h?(x,1)¢,) = 0 for all n > 1, which means that 2?)(x, ) cannot be expanded in terms of &,.
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Note that the set {{;&;, i = j = 1}, are not orthogonal. For example, for any two elements of this set, &;&;
and &;¢;, we have (&:&,¢,8,) =1 # 0 for i # j. However, the set is linearly independent. In fact, cov(&;¢&;,
&) = (&EE.8) — (& ><f &) = (3,,,16],1 + 0,0, # 0 only if the set of subscripts {7, j} is identical to the
set {m,n}. Therefore we can expand h?(x, ) as an infinite series in terms of &;¢,, i > j > 1,1i.e., P (x,1) =
s is1 & ' ; )(x, 1), where h )(x, 1) are deterministic functions. Though ¢&¢ ;and &;¢&; in the expansion are
the same term, for convenlence in our presentation, we split this term into two terms with the same co-
efficients, i.e., h,(jz) = hﬁ? = hy)/2 for i # j and B = h?, thus K (x, ) is formally written as

= fj &R (x,1). (29)
ij=1

It can be verified that (4% (x,#)¢,) =0 foralln > 1. It is 1mportant to mention here that the second-order
polynomial chaos expansion of Ghanem and Spanos [8], {¢,&; —d;, i,/ =1,2,...}, or the second-order
generalized polynomial chaos expansion of Xiu and Karniadakis [28], are orthogonal and may be used as a
basis to expand 4 (x,7). However, because ({;&; —0;) =0, the expansion h®)(x,1) = > (&E — )
h (x,1) results in (A)(x, )> = 0. On the other hand, if we take ensemble mean of Egs. (19)~(22) with
m = 2, we have in general (h®(x,t)) # 0 unless the medium is homogeneous, which means that the latter
expansion does not satisfy equations Eqs. (19)—(22) of m = 2 for flow in heterogeneous media.

Substituting (29) as well as expansions of Y’(x) and A" (x, ¢) into equations Eqgs. (19)~(22) of m = 2 yields
an infinite series in terms of &£, whose summation equals to zero. Because elements in the set
{&¢, i,j=1,2,...} are 11near1y independent, all coefficients of this infinite series have to be zero, which
leads to equatlons for h )(x, 1):

s, [onP(x,0) 1, anV(x,0) 1 on" (x, 1)
2h .vh? — RS A e B S VAl X 90 Wit B St L)
1 on (x,1) g(x)
e R A
'y Vil 'y % 30
_E f,(X) : ' (Xat) _E L(X) ! i (Xa t)a ( )
2 —
hi;'(x,0) =0, xeD, (31)
h(x,1) =0, x€ I'n, (32)
5) . _ o)

Vh;; (x,1) -n(x) = ZKG(x)f'(X)f’(X)’ x € I'y. (33)
Note that the term VY . Vh" in the second-order equatlons of (19)— (22) wrth m = 2 can be written either
asy ;. Vfi(x) -V M or equlvalently as Y o Vfi(x) - Vi To make h symmetrlc we have written the
term that corresponds to VY- VA as a half of Vfi(x ) + Vf,( x) - VA" in Eq. (30). A similar

treatment has been done for term Y'0h'") /dt. Because both f; and h are proportional to \/Z , it is seen from
Egs. (30)-(33) that all driving terms are proportional to \/4;4;, i.e., proportional to ¢3. The decrease of
\//i4; as i and j increase ensures that Eqs. (30)—(33) need to be solved for only a small number of times. In
addition, because of symmetry, we only need to solve h (x t) fori>=j.

By multiplying ¢;£; to the third-order equations of (19)-(22) and taking expectation, one obtains
equations for (é,-éjh(”(x, 1)), which lead to a trivial solution (&2 (x,)) = 0. This implies that 2 (x, ¢)
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cannot be expanded in terms of ;&;. However, if we multiply &, or &£, to (19)~(22) of m = 3 and take
their expectations, respectively, trivial solutions for (&,h® (x,7)) and (&,&,Eh%(x,1)) do not exist, which
means that 2%)(x, ) may be expanded as

I(x,1) = iénhff)(x,t) + f: EE &N (x,1). (34)
n=1

ijk=1

Substituting Eq. (34) and decompositions of ¥, A1) and 4 into Eqgs. (19)~(22) of m = 3 yields an infinite
series whose summation is zero. Because elements of the combined set of {¢,, n=1,2,...} and
{&¢&, i,j,k=1,2,...} are linearly independent, all coefficients of the infinite series must be zero, which
immediatel leads to homogeneous equations for 4(¥(x,7) with zero driving forces that yield 2% (x,7) = 0,
for all n. h, ; (x t) satisfy the following equation W1th initial and boundary conditions:

T+ T - T = s [ 5 00 O (.

g A % - éﬂxm(xm(x) w

* 6?:2()]2( Wi ;W X, 1), (35)
) (x,0) =0, x €D, (36)
) (x,t) =0, x€Ip, (37)
Uil aix) = 280 i), xe (39)

6Kg(x)
where summation ) is over a subset of the permutatlon of {i,j,k}, 1n which repeated terms are excluded.
For example > py Vit VA i = Vi \/5 ]k +Vf;- Vhlk +Vfi- Vh . Here the rest of terms, such as
Vfi- thj which is the same as Vf; - VA i are not included.
It should be noted that coefficients 4% in (34) are zero, simply because elements in set {&,, n=1,2,...}

and those in set {&;¢&;, i,j,k=1,2,.. } are linearly independent. It is easy to show that, in general, we can
assume that 4™ (x,¢) can be expanded as

= Y (Hé,,> o) (39)

i i2smim=1
Substituting this expansion and decompositions of ¥’ and all lower order terms A%, i =1,2,...,m — 1, into
(19)-(22), one has

] m _ !
VI (%00 + VX)) TR (x00) = o S (1 )

ahfﬁlf..,m 0 (="
P> (nf,,) s

J=1

11 oim

x Hm — Z Vi (x) - VAL (x,0), (40)
j=1

",
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A" (x,0)=0, xeD, a

A" (x,0)=0, x€Tlp, (42)

5025000

J=1

VA" L (x,1) -n(x) =

01502500

We solve equations (40)—(43) up to fifth-order, i.e., m = 5. Once we solved AV (x,1), AV (x,?), hl(.f)(x,t),
hfj,ﬁ (x,1), hf?,g,(x, t), and hf]k,m (x, 1), we can directly compute mean head and head covariance without solving
equations for head covariance and the cross-covariance between log hydraulic conductivity and head
that are required in the traditional moment-equation-based approaches. Up to fifth-order in oy, head is

approximated by

h(x,t) ~ i:hm(x,t), (44)

which leads to an expression for mean head

5
h(x,1)) Rﬁz J(x,1)) = K xt—i—Zh,, xt+32h,th (45)
i=1

i=0 ij=1

It is seen that (A (x,¢)) = A0 (x, ) is the mean head solution up to first-order in oy, the second term on the
right hand side of (45) represents the second-order (or third-order) correction to the first-order mean head,
and the third term is the fourth-order (or fifth-order) correction.

From (44) and (45), one can write the perturbation term up to fifth-order

H(x,t) = h(x,1) — (h(x,1)) =~ ih (x,1) — (K2 (x,1)) — (W9 (x,1)), (46)

where (h®) =% h? and (h¥) = 33 rw Eq (46) leads to the cross-covariance between log hy-

zln

draulic conductivity and head up to third-order in o3 (or, sixth-order in ay),

CYh(X;yaT) - Zf( hl y7 +3Zf l_]j y7 Z z/klmnﬁ( ) jklmn(y7 )a (47)
n=1 ij.k,.mn=1
and the head covariance
Ci(x,t;y,7) thl (x,)h" (y,7) + 2Zh2)(xt Jr3Zhl w (y,7)
i=1 ij=1 ij=1
33 ARG ) D g A % OB (3, 7) ) (%, OB (3, )
i,j=1 i,j,k,l,mn=1

k)( ) Imn (y’ T) + h (X t)hgnzn (y5 ) + hljklm (X7 t)hstl)(yv ‘E):|
(

= (K (x,0))(H(y, 7)) = (B9 (x,0)(h? (y, 7)), (48)

where & = (&:€;E:6,E,E,) for brevity. Because {&,, n =1,2,...} is a set of independent Gaussian ran-
dom variables, the (¢;¢;¢,¢,¢,,¢,) term can be easily evaluated by counting the occurrence of each ¢ and
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using relationships (&7*') = 0 and (&%) = (2k — 1)!. For instance, (¢,5&) = (£,)(E)(&) =0 and (&&3)

1

= (E)(&) = 111- 311 = 3. Eq. (48) leads to the head variance up to third-order in ¢3 (or, sixth-order in ay)

a(x,0) = > 1O + 23 Y (x.0F + 6> AV (x, 04l (x,1)
i=1 ij=1 ij=1

+ Z éijklmn |:2h1(1> (Xa t)h(S) (Xv t) + 2hf/2) (Xa t)h(4> (Xv t) + h<_3)(X, l)h(3) (Xa [)

jkimn klmn ijk Imn
ijk,0mn=1

—2(h? (x,0)) (K (x,1)). (49)

Here the first term in the right-hand side of (49) represents the head variance up to first-order in o2, the
second and third terms are second-order (in ¢3) corrections, and the rest terms are the third-order (in ¢3)
corrections. Once we solved for the head terms, the flux moments can be derived from (2).

5. Issues on numerical implementation
5.1. Numerical solution of Fredholm equations

In Section 3, we discussed the solution of the Fredholm equation, i.e., Eq. (9), in a special case of
separable covariance functions of log hydraulic conductivity Y(x) in a rectangular domain. In general,
however, the simulated flow domain may be irregularly shaped and the covariance function may not be
separable. In this case, the eigenvalues and their corresponding eigenfunctions have to be solved numeri-
cally. Examples of such numerical algorithms include iterative methods and a Galerkin-type method. The
latter is described in [8]. The basic idea in this algorithm is to choose a complete set of functions
{¢;(x), i=1,2,...} in the Hilbert space, express the eigenfunctions f, to be sought as truncated (finite)
linear combinations f, = 25\,:1 an¢;(x), and to determine coefficients a;, by forcing truncating errors to be
orthogonal to ¢;(x), i=1,2,...,N. The readers are referred to [8] for details.

In the case that some measurements of Y(x) are available, one may wish to condition the Y (x) field on
these measurements. This can be done, for example, by kriging. The covariance function of the conditional
Y(x) field between any two points in general depends on actual locations of these points rather than the
separation distance between two points. Roy and Grilli [23] developed an algorithm for computing ei-
genfunctions of conditional covariance of log hydraulic conductivity in a rectangular domain by assuming
that the unconditional covariance function is separable. Once the eigenvalues /, and eigenfunctions f, of
the unconditional Y (x) are found (analytically), one can expands the eigenfunctions of the conditional ¥ (x)
using f, (which form a complete orthogonal basis), and determine the coefficients of expansions by solving
an algebraic eigenvalue problem.

5.2. Computational efficiency of the KL-based approach

As mentioned in the introduction, for the conventional moment-equation-based approaches, to obtain
the head covariance up to first-order in g2, one needs to solve both the cross-covariance Cy,(x;y,t) and
head covariance C,(x,¢;y, 7). At each time, both require to solve for N times an algebraic equation of N
unknows (N being the number of grid nodes). Therefore, one needs to solve the algebraic equation with N
unknows for about 2N times. If we want to find higher-order corrections, the computational burden in-
creases drastically. For instance, to obtain the head variance up to second-order in g2, one may need to
solve equations for terms such as (Y'(x)Y'(y)#'(z,6)) (where 6 is time), which in general requires solving
linear algebraic equations of N unknows N2 time for each 0.
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In the KL based perturbation approach, instead of solving the covariance equations we solve for the
head terms hl1 »..in» Which are given by linear algebraic equations with N unknows. Once with the head
terms, the first two moments of head can be obtained with simple algebraic operations. Because the
structure of the head term Egs. (40)—(43) is the same as that of the moment equations for Cy,(x; %, 1) and
Ci(x,t;1,7) (e.g., (4.13)—(4.14) of [30]), the computational effort for solving for h,I iy (X,2) on a grid of N
nodes is more or less the same as that for C,(x, ; y, 7), or Cy(X; g, 7), for each reference point (y, 7). Hence,
the effectiveness of KL-based approach largely depends on the number of times required to solve these
linear algebraic equations. Due to symmetry, to obtain h, %...in» Where i; = 1,n, the number of times re-
quired to solve linear algebraic equation with N unknows is S, = n(n+1)---(n+m—1)/m!. For example,
for n = 20, we need to solve (30)—(33) for h(z) for S, = 210 times.

Two important factors contribute to the efficiency of this KL-based moment- equatlon (KLME) ap-
proach, as shown numerically in the next section. First, the overall magnitudes of h, .., decrease Wlth
order m. This allows us to use a relatively 10W order approximation for small to moderate Vdrlablllty o3. In
addition, for a fixed m, the magnitudes of h, ..., quickly approach zero (statistically) as indices increase,
which means that we can approximate 4" with a relative small number of terms. For the case of a grid of
41 x 41 mesh (i.e., 1681 nodes) as in our examples in the next section, up to first-order, the conventional
moment equation approach requires to solve the moment equations on the grid for 2N = 3362 times while
the KL-based approach only needs to solve the head term equations for a few hundreds times on the same
grid. Therefore, for a moderate problem size (say, N > 400), the KL-based perturbation approach may be
much more efficient than the conventional perturbation approach. The relative efficiency of the KL-based
approach improves as the domain size increases.

The computational efforts of the KL-based approach can be reduced significantly if we take advantage
of the orthogonal Gaussian random Varlables ié .} For example in computing second moment terms (e.g.,
head variance) up to third-order in ¢3, terms ) kimn A0 h always appear together as the coefficient of term
(&i&;6kE18,E,). As a result, if the set of indices {jklmn} has more than one odd number of occurrences the
term h,, does not need to be solved because (¢;¢;¢.¢,¢,,¢,) = 0. For instance, the term h1 3445 Can be
skipped because the set {1,3,4,4,5} has three indices that have odd number of occurrences. The contri-
bution of h1 3445 to head Varlance must be zero because (&;¢¢3E,¢5) = 0, no matter what the index i is.

The deterministic coefficients h, .., can be solved using either finite element or finite difference method,
which yields sets of linear algebraic equatlons in a form of Ax = b. It should be noted that the coefficient
matrix A is always the same for all those equations for hl 0,

.....

6. Illustrative examples

In this section, we attempt to examine the validity of the proposed KLME approach in computing
higher-order head moments for flow in hypothetical saturated porous media, by comparing model results
with those from Monte Carlo simulations.

We consider a two-dimensional domain in a saturated heterogeneous porous medium. The flow domain
is a square of a size L; = L, = 10 [L] (where L is any consistent length unit), uniformly discretized into
40 x 40 square elements. The non-flow conditions are prescribed at two lateral boundaries. The hydraulic
head is prescribed at the left and right boundaries as 10.5 [Z] and 10.0 [L], respectively, which produces a
mean flow from the left to the right. The mean of the log hydraulic conductivity is given as (¥) = 0.0 (i.e.,
the geometric mean saturated hydraulic conductivity Kg = 1.0 [L/T], where T is any consistent time unit).

For simplicity, it is assumed in the following examples that the log saturated hydraulic conductivity
Y(x) = InK,(x) is second-order stationary with a separable exponential covariance function

Cy(X,y) = Cy(x1,X2501,)2) = 0y €xp | — b ;y1| _be ;y2| ; (50)



784 D. Zhang, Z. Lu | Journal of Computational Physics 194 (2004) 773794

where # is the correlation scale. In this case, eigenvalues 4,, n =1,2,..., and their corresponding eigen-
functions f,, n =1,2,..., can be determined analytically by first solving Eq. (12) for w and computing 4
based on (10), and then combining eigenvalues and eigenfunctions from each dimension using (13) and (14).

The eigenvalues are monotonically nonincreasing as illustrated in Fig. 1(a) for case 1 to case 3 with
different correlation lengths. Note that the product of two monotonically decreasing series may not be
monotonically decreasing. Fig. 1(b) shows the sum of eigenvalues as a function of terms included. The
figure indicates that for the case with a large correlation length, only a few terms are required to ap-
proximate Y’ defined in Eq. (8), while for a relatively small correlation length, a larger number of terms are
needed to approximate Y’ with a reasonable accuracy. Some of the eigenfunctions for case 2 are depicted in
Fig. 2. Any realization of log hydraulic conductivity is a summation of an infinite number of such eigen-
functions f, weighted by the product of v/7, and an independently generated Gaussian random variable &,.
The terms in series (8) not only statistically decrease in magnitude (the nth term has a zero mean and a
variance of ,/?(x) whose average over domain D is 4, that decreases with the increase of ) but also reduce
in scale. By approximating Y’ as a summation of a finite number rather than an infinite number of terms,
one in fact ignores the small-scale variation of log hydraulic conductivity.

To investigate the applicability of the proposed KLME approach, we designed a series of numerical runs
with different correlation lengths 7 and various degrees of spatial variability 3. Cases 1-3 aim to investigate
the effects of correlation lengths (7 = 1, 4, and 10, respectively) on the KLME approach. In these cases, the
degree of spatial variability is kept at a2 = 1.0, corresponding to CV = 131% where CV is the coefficient of
variation of hydraulic conductivity. Cases 4-6 are compared against case 2 to examine the impact of log
hydraulic conductivity variability (63 = 0.25, 2.0, and 4.0, respectively, which correspond to CV = 53%,
253%, and 732%). The number of terms included in approximating h,(ﬁ?z.“.,im for all cases are 100, 40, 30, 20,
and 10 for m =1, 2, 3, 4, and 5, respectively, except for case 1 in which the number of terms in approxi-
mating A" is 500 instead of 100. It should be noted that, for the purpose of comparison, we have included
sufficiently large numbers of terms in these approximations. The effect of the numbers of terms retained in
approximations will be discussed later.

For the purpose of comparison, we conducted Monte Carlo simulations. For each case, we use 5000 two-
dimensional unconditional realizations generated on the grid of 41 x 41 nodes with the separable covariance
function given in (50), based on (8) with 200 terms. The quality of these realizations are examined for each case
by comparing their sample statistics (mean, variance, and correlation length) of these realizations with the
specified mean and covariance functions. The comparisons show that the generated random fields reproduce
the specified mean and covariance functions very well. The steady state, saturated flow equation is solved for
each realization of the log hydraulic conductivity, using finite-element heat- and mass-transfer code (FEHM)
developed by Zyvoloski et al. [33]. Then, the sample statistics of the flow field, i.e., the mean prediction of head
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Fig. 1. Series of eigenvalues and their finite sums for two-dimensional square flow domain with a separable covariance function of
correlation length: (a) n = 1.0; (b) n = 4.0; and (c) n = 10.0.
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Fig. 2. Examples of eigenfunctions f, for case 1: (a) fi; (b) fa; (¢) fi0; and (d) fr.

as well as its associated uncertainty (variance), are computed from the realizations. These statistics are con-
sidered the “true’ solutions that are used to compare against the proposed higher-order KLME approach.

We also compared the results from the KLME approach against those from the conventional first-order
moment-equation-based approach (CME), as developed by Zhang and Lu [31]. Here the covariance
function of log hydraulic conductivity used in this study is in a separable form, i.e., (50), rather than ex-
ponential form as in [31]. It is expected that, while the higher-order approximations of head variance from
the KLME approach should be close to Monte Carlo results, their first-order approximations shall be
almost identical to those from the conventional moment-equation-based approach, if n;, the number of
terms included in 4" of (23), is sufficiently large. That is to say, the closeness of the first-order variances
derived from the conventional moment-equation-based approach and from the KLME approach is an
indicator showing if n; is large enough.

7. Results and discussions

7.1. Effect of the correlation length n

Due to the particular boundary configurations in our examples, the mean head computed from different
approaches do not have significant difference and therefore will not be discussed. Here we focus our
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discussion only on head variance. We should mention here that in the following discussion, the order of
approximations for head variance is in terms of ¢3.

Fig. 3 compares the head variance from Monte Carlo simulations, the CME approach, and the KLME
approach up to third-order in 67, for different correlation lengths. Fig. 3(a) indicates that, for the case with
a small correlation length, both the first-order CME approach and the first-order KLME approach yield
almost identical head variance as the Monte Carlo simulations, even though the spatial variability is as
large as 63 = 1.0, indicating that 500 terms are sufficient to approximate /4! (x) in (23). The computational
effort for solving each term in the (" (x) series of (25) is equivalent to that for Cy,(x,y) for each reference
point y, and the derivation of the (first-order) covariances Cy, and C, from A{Y(x) involves only simple
algebraic operations. As mentioned before, it requires to solve the Cy,(x,y) and C,(x,y) equations about
2N times in the conventional moment-equation-based approach (in this case, N = 1681). Therefore, for this
case the KL-based approach is computationally more efficient than the conventional moment-equation-
based approach.

In addition, for relatively large correlation lengths, the first-order approximations (for both CME and
KLME) of head variance deviate from Monte Carlo results. To predict head variance more accurately,
higher-order approximations are required. Fig. 3(b) and (c) show that second-order (in ¢3) approximations
are very close to Monte Carlo results, though third-order (in ¢2) approximations are better and almost
identical to Monte Carlo results. Note that solving first-order head variance for case 2 and 3 using the
KLME approach, it requires only 100 times to solve sets of linear algebraic equations of N unknows,
compared to 2N (=3362) times for the first-order CME approach.

As shown in Fig. 1, the number of terms needed to be retained in the expansions increases with the
decreases of the correlation length . When the ratio of the correlation length to the domain size () is small
which is very likely the case for simulating large-scale problems, first-order approximations may be accurate
enough (for a moderate variability ¢3) as the higher-order terms are found to be negligible. Thus, such a
case can still be handled efficiently with the first-order KLME approach. With the increase of #/, as ex-
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Fig. 3. Comparisons of head variance (along the cross-section x, = 5.0) derived from MC, CME, and KLME up to third-order in ¢7,
for cases with correlation length: (a) # = 1.0; (b) n = 4.0; and (c) n = 10.0.
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plained later in Fig. 8 the higher-order corrections become important while the number of terms required to
retain in the expansions decreases.

7.2. Effect of spatial variability o3

To explore the effect of spatial variability 2 on validity of the proposed KL-based moment approach,
we examined three more cases (cases 4, 5, and 6), together with case 2, with the same correlation length
(n = 4.0) but various degrees of spatial variability (¢3 = 0.25, 1.0, 2.0, and 4.0). Comparisons of the head
variance derived from Monte Carlo simulations, the first-order CME approach, and the KLME approach
up to third-order in o3 are illustrated in Fig. 4. As expected, when o3 is small (Fig. 4(a)), head variance
obtained from different approaches do not have significant differences. For all cases, the first-order (in %)
head variance from the CME approach is the same as the first-order solution from the KLME approach for
all four cases examined, simply implying that the number of terms (1, = 100) included in 4" are adequate
to approximate 4. Comparing to the first-order CME approach, with the increase of 2, the advantage of
the KLME approach is obvious. At ¢3 = 1.0, the estimation error of head variance (at the center of the
domain) introduced by the first-order CME approach (and also the first-order KLME approach) is 17.3%,
while the estimation error is 3.4% for the second-order solution of the KLME approach and 1.1% for the
third-order solution of the KLME approach. At ¢ = 2.0, the estimation error of head variance for
the first-order solutions is 33.6%, while they are 14.4% and 6.6%, respectively, for the second-order and the
third-order solutions of the KLME approach.

When the porous media are strongly heterogeneous (case 6, a2 = 4.0), though higher-order corrections
of the KLME approach make some improvement on estimating head variance over the first-order solution
of the CME approach, the variance still deviates greatly from that from Monte Carlo simulations, as shown
in Fig. 4(c). We tried to increase the numbers of terms included in 4 (x, ), i = 1,5, and found that this does
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Fig. 4. Comparisons of head variance (along the cross-section x, = 5.0) derived from MC, CME, and KLME up to third-order in ¢7,

for the cases with: (a) 63 = 0.25; (b) 63 = 2.0; and (c) o3 = 4.0.
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not make a significant improvement. We suspect that for such highly heterogeneous porous media, we may
need to include terms of even higher order in Eq. (44). For example, to compute head variance up to fourth-
order in 02, we have to include up to seventh-order terms in (44). The slow convergence is further discussed
later with Fig. 9.

7.3. Effect of the number of terms in expansions

The advantage of the proposed KL-based moment approach largely depends on how many terms are
required to approximate h,1 '»....in- In the examples shown above, for the purpose of comparison, we included
relatively large numbers of terms in these approximations. However, the numbers of terms 1nc1uded 1n these
approximations can be much less. Here we take case 2 as an example. Fig. 5 depicts the values of h,] o, at
the center of the domain for various orders m and mdlces It is seen that the magnitude of 4" decreases
with m. For example, the maxrmum absolute value of h is about one order larger than that of hl ;> and the
maximum absolute value of hl s 18 about one order larger than that of hl y#- Furthermore, for a fixed m, the
magnitude of h,l ...in decreases statlstlcally as the increase of indices. This allows us to take only small
numbers of terms in approximating h"

We reduce the numbers of terms 1ncluded in approximating A", h,jz>, hffk) , hﬁ;‘,j,, and hf/sk),m to 100, 10, 10, 5,
and 5, respectively, i.e., index i in h running up to 100 and each index in ;" running up to 10, and so on.
For instance, Eqs. (25) (28) need to be solved for 100 times, and Eqgs. (30)—(33) need to be solved for 55
times (noting that h 2 s syrnrnetric with respect to indices i and j). The total number of times to solve
similar equations to obtarn nY, h,jz), hffk), hf]k,, and h,]k,m will be 100 + 55 + 220 + 70 + 75 = 520, which is
much less than the number of Monte Carlo simulations (at the order of few thousands) required at ¢ = 1.0
and also less than the number of times for solving the Cy(x,y) and C,(x,y) covariance equations
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(2N = 3362, in this case) in the first-order CME approach. We have to emphasize that the total compu-
tational requirement for solving up to third-order approximation using the KLME approach is still less
than that required by the first-order CME approach.

Fig. 6 shows the head variance at different order of approximations, for case 2, computed using reduced
numbers of terms in approximating 4", hff), hsk), hl(.f >,, and hff,ﬁ,m Compared to Fig. 3(b) where the respective
terms are 100, 40, 30, 20, and 10, it is seen that the behaviors observed with reduced numbers of terms are
almost the same as in Fig. 3(b). For this case, higher-order approximations with only a few leading terms
capture most of the variability of head variance.

As mentioned earlier, when the correlation length is relatively small, the number of terms, n;, required to
approximate 4" (x, ¢) in (23) should be large. To investigate how the accuracy of estimations depending on
ny, we ran a few more cases in which all parameters are the same as in case 1 but with a decreasing number
of terms n; = 100 and n; = 200, as compared with n; = 500 in case 1 ( = 1.0). The head variance com-
puted using different numbers of terms n, is illustrated in Fig. 7. The figure indicates that 100 terms are
enough to approximate 4" (x,¢) in (23) for this case. This can also be seen from Fig. 8, where values of
hfl"fl?z _____ ;, at the center of the domain are plotted against their indices. Fig. 8 also explains why high-order
terms do not have significant contributions to head variance as shown in Fig. 3(a). Although at each order
they decay at a slower rate, the higher-order coefficients hf]""[)z‘wim for case 1 are much smaller than their
counterparts presented in Fig. 5 for case 2 (n = 4.0). '

When the correlation scale # is fixed (relative to the domain szie), the patterns of the head coefficient
terms 4" ,, do not change at each order regardless of oy. Fig. 9 shows the values of A" ,, at the center
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of the domain for various orders m and indices for case 6 where n = 4 and oy = 2. Fig. 9 can be obtained
from Fig. 5 via rescaling hfl), hfj”, ; jk, and hl x> Tespectively, by 2, 4, 8, and 16. Although at each order the
patterns are exactly the same as those in Fig. 5, the relative magnitudes for various orders are significantly
different in Fig. 9. The second- order coefficients h are still approximately one order of magnitude smaller
than the first-order counterparts /" However the third-order coeﬁic1ents s i are at the same order as h

Likewise, the fourth-order coeﬂicrents hljk, are not much smaller than h,]k This explains the slow conver-
gence observed in Fig. 4(c) for case 6. It is fully expected that a further increase of oy may lead to di-
vergence. Future studies shall pinpoint the exact validity range of the proposed approach and explore the

possibility of developing more efficient expansions for handling extremely large variabilities.

8. Summary and conclusions

In this study, we combined the moment-equation approach with the Karhunen-Loeéve and polynomial
expansions to evaluate higher-order moments for saturated flow in randomly heterogeneous porous media.
We first decomposed the log hydraulic conductivity into an infinite series related to eigenvalues and ei-
genfunctions of the covariance function of log hydraulic conductivity as well as a set of standard Gaussian
random variables. By assuming that the covariance function Cy is separable and that the simulation domain
is rectangular in two-dimensional cases or brick-shaped in three-dimensional cases, the eigenvalues and
eigenfunctions can be derived analytically. In general, however, for other covariance functions the eigen-
values and eigenfunctions have to be solved numerically. We then decomposed the head into a series whose
terms 4™ are nth order in terms of ¢y. By further assuming that 2 can be expanded into a series in terms
of the product of n Gaussian random variables used in expanding Y, we arrived at sets of equations for
determining the deterministic coefficients in these expansions. Unlike in the polynomial chaos expansion
approach of Ghanem and Spanos [8] or the generalized polynomial chaos expansion of Xiu and Karni-
adakis [28] where all the equations governing the coefficients are coupled, the equations from the present
approach are recursive in that the high-order equations depend on the lower-order ones but not vice versa.
In addition, in the present approach the order of approximation is clear for each term in terms of oy
whereas in those of [8,28] the level of approximation is mixed in each term of the expansions with respect to
Oy.

Once the coefficients are solved, the mean head and head covariance can be computed directly without
solving additional equations. The moment-equation approach based on Karhunen-Loeve decomposition
(KLME) allows us to evaluate mean head up to fourth-order in oy and head covariance up to third-order in
o3. We demonstrated the KLME approach with some examples of steady state saturated flow in a two-
dimensional rectangular domain and compared our results with those from Monte Carlo simulations and
from the conventional first-order moment-equation based approach. This study leads to the following
major conclusions:

1. The moment-equation approach based on Karhunen-Loeve decomposition (KLME) makes it possible
to evaluate higher-order flow moments with relatively small computational efforts.

2. To first-order in the variance of log hydraulic conductivity (i.e., a%), the KLME approach gives results
that are consistent with those by the CME approach. Owing to the rapid convergence of the first-order
head term expansion (23), the first-order KLME approach is generally much more efficient than the
CME approach for the cases considered in this study under a wide range of correlation lengths and var-
iability levels.

3. In general, the agreement between the KLME and Monte Carlo simulation results improves with the
decrease of 62, with the reduction of the correlation scale (i.e., 1) relative to the domain size, and with
the increase of the order in the KLME approximations. For ¢7 =1 and 5 = 1, even the first-order
KLME approximation gives very accurate results for the head moments. For # = 4 and 10, the KLME
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approach give results closer to those by Monte Carlo simulations when higher-order terms are included.
The third-order KLME approximation is accurate and efficient at least for ¢3 as large as 2.0 (corre-
sponding to the coefficient of variation being 253%) and n as large as 4.0. Our examples reveal that
the KLME approach is generally more efficient computationally than the Monte Carlo method.

4. The efficiency of the KL-based moment method depends on the ratio of the correlation length to the
domain size. Small correlation length requires more terms in expansions of 4" and thus requires more
computational efforts. However, it seems that, when the ratio is small, first-order approximations is ac-
curate enough and thus the computational costs for the KLME approach is still much less than that re-
quired for the CME approach.

Appendix A

To find eigenvalues and eigenfunctions for a one-dimensional stochastic process with an exponential
covariance Cy(x1, ) = o3 exp(—|x; — »|/n), where o3 and 7 are the variance and correlation length of the
process, respectively, from definition, one has

i) = [ e, (A1)
D
Taking derivative of (A.1) with respect to x; yields

Ao L -y L on

— ) =—— [ e n)dy 4+~ [ e TS () (A2)
Oy nmJo n X1

Taking derivative again gives an equation for eigenfunction f'(x):
" 2na3 — A
S )+ f () = 0, (A3)

An?

The boundary conditions associated with (A.3) can be determined from (A.2) by letting x; = 0 and x; = L:

nf'(0) = £(0), nf'(L) =—f(L). (A4)
The general solution of Eq. (A.3) is
f(x) = acos(wx) + bsin(wx), (A.5)

where w? = (2502 — 1)/(Zn*). By using two boundary conditions in (A.4), one obtains two linear equations
for determining coefficients a and b in (A.5).

a—nwb =0,

. . (A.6)

[ — wn sin(wL) 4 cos(wL)]a + [wi cos(wL) + sin(wL)]b = 0.

Limiting to nontrivial solutions of (A.6) yields an equation for w,

(n*w* — 1) sin(wL) = 2nywcos(wL), (A.7)
which is (12). For given 5 and L, we can solve w from (A.7), which yields a series of (positive) w,,
n=1,2,.... The eigenvalue corresponding to w, can be found from the definition of w:

2na?

(A.8)

n
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Certainly, different w, gives different coefficients @ and b in Eq. (A.5), thus the eigenfunction associated with
w, Or A, 1S

fu(x) = a, cos(w,x) + b, sin(w,x), (A.9)

where the coefficients a, and b, can be determined by the condition that eigenfunctions are normalized, i.e,
[, /2(x) = 1. The latter leads to

1
VW £ DL2 4+’ (A.10)
an = nwnbw

b, =

Note that while eigenvalues /, are proportional to g2, the eigenfunctions f,(x) are independent of ¢3 and
depend only on the domain size L and the correlation length #.

For a large domain size, solving (A.7) may be problematic. The equation can be solved more easily by
using dimensionless formulation. Let X' = x/L, w = wL, and ' = 5/L, (A.7) becomes

(" w" = 1)sin(w) = 2y'w cos(w'), (A.11)

Note that w' depends only on #/, the ratio of the correlation length to the domain size. It can be shown
that the corresponding terms 2, = 1,/L, a,=a,VL, b,=b,V/L, and f!(x)=f,v/L. This leads to
Vfu(x) = /7L f1(x'). Because v/Z, and f,(x) appear always together in derivation of the KL-based mo-
ment equations, we can directly use 4, and f/(x’) derived from solving (A.11), without transforming them
back to the original space. One of the advantages of the dimensionless formulation is that the structures of
eigenfunctions depend only on the ratio of the correlation length to the domain size, and are independent of
the actual domain size.

We should emphasize here that we only need to solve one characteristic equation, i.e., (A.7), while in
literature [9] w, are solved from the following two characteristic equations:

wntan(wL) — 1 =0, (A.12)

wn +tan(wL) = 0, (A.13)

respectively, and then taking w, from the first equation for even n or from the second equation for odd n.
Similarly, both eigenvalues 4, and their eigenfunctions f,(x) are chosen from those corresponding to these
two characteristic equations for even or odd n. Certainly, our approach saves computational effort and
reduces complexity.

As a matter of fact, (A.12) and (A.13) can be combined into (A.7). It can be shown that roots of Egs.
(A.12) and (A.13) do not overlap, thus combining (A.12) and (A.13) into (A.7) will not lose any roots.
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